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Abstract. For the Pauli–Fierz operator with a short range potential we study
the binding threshold λ1(α) as a function of the fine structure constant α and
show that it converges to the binding threshold for the Schro¨dinger operator
in the limit α → 0.
1. Introduction
Recently it was proved that the interaction of matter with a quantized radia-
tion field leads to the so–called enhanced binding (see [4]; other results with some
additional restrictions can be found in [7] and [2]). This means that the Pauli–
Fierz operator, which describes a particle interacting with an external potential
and a quantized radiation field may have a ground state even if the corresponding
Schro¨dinger operator (with the same potential) does not have discrete eigenvalues.
On physical grounds one expects the Schro¨dinger operator to give a relatively
accurate description of the process of binding of a particle by an external potential,
which requires only small corrections. This intuition is based on the fact that the
coupling of the particle with a quantized radiation field includes a small parameter
(the fine structure constant α), and consequently the effects of enhanced binding
cannot be very strong. However a mathematically consistent proof of the fact that
for small α the binding threshold for the Pauli–Fierz operator is close to the one for
the Schro¨dinger operator, as well as the fact of the existence of this thresholdup,
to the extent of our knowledge, has not been given yet. The goal of this paper is
to provide such a proof.
Let
(1.1) H = T + λV,
be the Pauli–Fierz operator, with the self–energy operator T , negative short–range
potential V and coupling constant λ. And let,
(1.2) h = −∆+ λV,
the corresponding Schro¨dinger operator. Let λ0 be the critical coupling constant
such that for λ > λ0 the operator h has a ground state and for 0 < λ < λ0 doesn’t.
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Similarly, let λ1(α) be the critical coupling constant for the operator H . We prove
that
lim
α→0
λ1(α) = λ0.
Given the binding condition by Griesemer, Lieb and Loss [6], the proof of enhanced
binding for the Pauli–Fierz operator, for small α, relies on the construction of a
trial function for which the expectation value of this operator is less than the self–
energy of the particle. This construction proves that λ1(α) < λ0, but it cannot
answer the question of how close is λ1(α) to λ0. To answer one needs to estimate
lower bounds on the quadratic form of H . In the work at hand this is done by
carefully studying the properties of the self–energy operator for different values of
the total momentum. It turns out that very large values of the total momentum as
well as values of the total momentum much smaller than α are almost irrelevant.
For intermediate values of the momentum we estimate the expectation value of
the Pauli–Fierz operator in terms of the Schro¨dinger operator with an effective
potential which approaches the original potential when α tends to zero.
2. Statement of the problem
The Hamiltonian for an electron interacting with the quantized radiation field
and a given external potential V (x), x ∈ R3, is
(2.1) H = T + λV (x),
where
(2.2) T = (p+
√
αA(x))2 + g
√
ασ · B(x) +Hf .
We fix units such that ~ = c = 1 and the electron mass m = 1/2, α = e2 is the fine
structure constant, where e is the charge of the electron. The natural value of α is
approximately 1/137, however, as usual, we will think about α as a parameter in the
operator T . The parameter g, whose value is either 0 or 1 is introduced to describe
both the spin (g = 1) and the spinles (g = 0) cases. As usual σ = (σ1, σ2, σ3) is
the vector of Pauli matrices, p = −i∇x, B(x) = ∇ × A(x). The magnetic vector
potential A(x) is given by
(2.3) A(x) =
∑
λ=1,2
∫
R3
χ˜(|k|)
2π|k|1/2 ελ
[
aλ(k)e
ikx + a∗λ(k)e
−ikx
]
dk,
where the operators aλ, a
∗
λ satisfy the usual commutation relations
[aν(k), a
∗
λ(q)] = δ(k − q)δλ,ν , [aν(k), aλ(q)] = 0.
The vectors ελ(k) ∈ R3 are the two possible orthonormal polarization vectors,
perpendicular to k.
The function χ˜(|k|) in (2.3) describes the ultraviolet cutoff on k. We assume
that χ˜ is differentiable and χ˜(|k|) = 0 for |k| > Λ with some Λ > 0.
The photon field energy Hf is given by
Hf =
∑
λ=1,2
∫
R3
|k|a∗λ(k)aλ(k) dk.
We denote by E0 the infimum of the spectrum of T .
For g = 1 the operators T and H are considered on the space
H = L2(R3;C2)⊗F ,
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where F is the Fock space for the photon field.
If g = 0, the corresponding space is
H = L2(R3)⊗F .
The operator H is semibounded from below and essentially self–adjoint [1] (see also
[8]).
The potential λV (x) is piecewise continuous and short–range in the sense that
(2.4) |V (x)| < cL(1 + |x|)−2−δ
for some δ > 0 and cL > 0, and λ is a coupling constant.
The main result of this article will also hold for potentials having local singu-
larities. However, for the sake of simplicity we will restrict to piecewise continuous
potentials satisfying (2.4) in the sequel.
Together with the operator H we will consider a Schro¨dinger operator
(2.5) h = −∆+ λV (x),
acting on L2(R3), with the same potential λV (x) as above.
We will assume that V−(x) = max(−V (x), 0) is not identically zero. In this
case, there is a critical coupling constant λ0 such that for λ ∈ [0, λ0] the discrete
spectrum of h is empty and for λ > λ0, the discrete spectrum of h is not empty.
Similarly, let λ1 > 0 be the infimum value of λ such that dor all λ > λ1, H
has a ground state. As it was proved recently ([4], [7], [2]) λ1 < λ0. Obviously λ1
is a function of the fine structure constant α. The main result of this paper is the
following theorem
Theorem 2.1. Under the conditions stated above,
(2.6) lim
α→0
λ1(α) = λ0.
3. Proof of the Theorem
3.1. Preliminaries. According to [4], [7], [2], for α sufficiently small λ1(α) <
λ0. Assume that limα→0 λ1(α) = λ0 does not hold. Then, there exist a constant
γ > 0, independent of α, and a sequence αn → 0, αn ∈ (0, α0], for some α0 > 0,
such that Hγ = T + (λ0 − γ)V has a groundstate for all αn. Let ψ0(α) be this
groundstate. Then, (V ψ0, ψ0) < 0, for if (V ψ0, ψ0) = 0 then ψ0 would be an
eigenfunction of T , which is impossible, and on the other hand if (V ψ0, ψ0) > 0
then inf σ(Hγ) > inf σ(T ) which is also impossible. Consequently,
(3.1) inf σ(Hγ/2) ≤ (Hγ/2ψ0, ψ0) = (Hγψ0, ψ0) +
γ
2
(V ψ0, ψ0) < E0,
for all αn.
Now we shall show that (3.1) does not hold for small α. Following ([5]) we
introduce the total momentum P
(3.2) P = pel ⊗ If + Iel ⊗ Pf ,
where pel and Pf =
∑
λ=1,2
∫
R3
k a∗λ(k)aλ(k) dk denote the electron and the photon
momentum operators, respectively. The operator T is translationally invariant, and
therefore it commutes with P . We will now make a partition of unity on the space of
total momentum. Let χ1 = χ(|P | < αq), χ3 = χ(|P | > P0), and χ2 = 1− χ1 − χ3,
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where P0 > 0, and q > 0 will be chosen later. Here χ(S) is the characteristic
function of the set S.
For an arbitrary state ψ, using Schwarz’s inequality we get
(3.3)
(
Hγ/2ψ, ψ
) ≥
3∑
i=1
Li[ψi],
where ψi = ψχi, and
(3.4) Li[ψi] = (Tψi, ψi) + (λ0 − γ
2
)(V ψi, ψi)− 4
κ
(|V |ψi, ψi),
for i = 1, 3, and
(3.5) L2[ψ2] = (Tψ2, ψ2) + (λ0 − γ
2
)(V ψ2, ψ2)− κ(|V |ψ2, ψ2),
with κ > 0.
We shall prove
(3.6) Li[ψi] ≥ E0||ψi||2,
for i = 1, 2, 3 and α sufficiently small.
In the sequel we choose κ such that
(3.7) σd
(
− γ
4λ0
∆− κcL(1 + |x|)−2−δ
)
= ∅,
which is always possible since (1 + |x|)−2−δ is short–range.
3.2. Large momentum estimates. First notice that using (2.4) we have the
estimate
(3.8) L3[ψ3] ≥ (Tψ3, ψ3)− c˜((1 + |x|)−2−δψ3, ψ3),
where c˜ = (λ0 − (γ/2) + (4/κ))cL.
Using the definition of T we have
(Tψ3, ψ3) = −(∆xψ3, ψ3) + 2
√
αℜ(∇xψ3, Aψ3)
+α(A2ψ3, ψ3) +
√
αgσ · (Bψ3, ψ3) + (Hfψ3, ψ3).(3.9)
Proceeding in a similar way as in the subsection “a priori estimates” on reference
[7] (see also [6], page 586) we get,
(3.10) |√α(∇xψ3, Aψ3)| ≤ c
√
α||∇xψ3||2 + c
√
α(Hfψ3, ψ3)
and
(3.11) |√α(Bψ3, ψ3)| ≤ c
√
α||ψ3||2 + c
√
α(Hfψ3, ψ3).
Hence, for small α we have
(3.12) (Tψ3, ψ3) ≥ (1− c
√
α)||∇xψ3||2 + (1− c
√
α)(Hfψ3, ψ3)− c
√
α||ψ3||2.
Here, and in the sequel, c denotes a generic positive constant. Notice that ||∇xψ3||2 =
||(P −Pf)ψ3||2, and (Hfψ3, ψ3) ≥ (|Pf |ψ3, ψ3). On the support of the function χ3,
|P | > P0, which implies
(P − Pf )2 + |Pf | ≥ 1
4
P0,
assuming P0 is chosen to be greater than 1. In fact, if |Pf | ≥ P0/2, then (P−Pf )2+
|Pf | ≥ P0/2 > P0/4. On the other hand, if |Pf | ≤ P0/2, then (P − Pf )2 + |Pf | ≥
P 20 /4 ≥ P0/4 (since P0 > 1).
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Therefore,
(3.13) (Tψ3, ψ3) ≥ (1−
√
αC)
P0
4
||ψ3||2 − c
√
α||ψ3||2.
Using the bound (3.13) in (3.8) we finally get
L3[ψ3] ≥ (1−
√
αC)P0
4
||ψ3||2 − c
√
α||ψ3||2 − c˜((1 + |x|)−2−δψ3, ψ3)
≥ ||ψ3||2
(
(1−√αC)P0
4
− c√α− c˜) > E0(α)||ψ3||2,(3.14)
for sufficiently large P0.
3.3. Small momentum estimates. To bound L1[ψ1] we use the following
estimate (see, e.g., [4, 3]) for sufficiently small |P | and all α ∈ (0, α0]
(3.15) (Tψ1, ψ1) ≥ E0||ψ1||2 + (1− d(α)) (|P |2ψ1, ψ1),
where limα→0 d(α) = 0. We will assume (1 − d(α)) > 3/4. The bound (3.15) in
turn implies,
(3.16) L1[ψ1] ≥ E0||ψ1||2 + 3
4
(|P |2ψ1, ψ1)− c˜
(
(1 + |x|)−2−δψ1, ψ1
)
.
Let ψ˜1 be the function ψ1 written in the relative coordinates (see, [4]). Namely, as
an element of H the function
ψ1 = ⊕∞n=0ψ1n(x, s, y1, . . . , yn, λ1, . . . , λn),
where s is the spin of the particle, x its position vector, y1, . . . , yn, the position
vectors of photons and λ1, . . . , λn the corresponding polarizations. Instead of the
variables y1, . . . , yn, we introduce the variables ηi = yi − x, i = 1, . . . , n and ex-
press the function ψ1 in the new variables setting ψ˜
1
n(x, s, η1, . . . , ηn, λ1, . . . , λn) ≡
ψ1n(x, s, y1, . . . , yn, λ1, . . . , λn) and ψ˜1 = ⊕∞n=0ψ1n(x, s, y1, . . . , yn, λ1, . . . , λn).
In these new variables (|P |2ψ1, ψ1) = ||∇xψ˜1||2, and
(3.17) L1[ψ1] ≥ E0||ψ1||2 + 3
4
||∇xψ˜1||2 − c˜
(
(1 + |x|)−2−δψ˜1, ψ˜1
)
,
and ψ˜1 is supported in the region |P | < αq.
Define the operator,
(3.18) M ≡ c˜|p|−1(1 + |x|)−2−δ|p|−1.
Since (1+|x|)−2−δ is short–range, the operatorM is compact. Denote by λ1, λ2, . . . , λn, . . .
and, respectively, ϕ1, ϕ2, . . . , ϕn, . . . the eigenvalues, respectively the eigenfunc-
tions, of M . The eigenvalue λ’s accumulate to zero. Thus, λn > −1/4 for all n
sufficiently large. Using the spectral decomposition of M we can estimate
(3.19) I ≡ 3
4
(f, f) + (Mf, f) ≥ 3
4
||f ||2 +
n−1∑
i=1
λi|(f, ϕi)|2 + λn||f⊥||2,
for any f ∈ L2(R3), with f⊥ being the projection of f onto the subspace orthogonal
to ϕi, all 1 ≤ i ≤ n− 1. Collecting terms, we get,
I ≥ ( 3
4
+ λn
) ||f⊥||2 +∑n−1i=1 ( 34 + λi) |(f, ϕi)|2
≥ 1
2
||f⊥||2 +
∑n
i=1 ci|(f, ϕi)|2,(3.20)
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with ci = (3/4) + λi. Now set f = |P |ψ1. Since f is supported in the region
|P | < αq, and the ϕi’s are independent of α,
|(f, ϕi)|2
||f ||2 → 0, and
||f⊥||2
||f ||2 → 1
as α→ 0. This finally implies that
(3.21) L1[ψ1] ≥ E0||ψ1||2.
3.4. Intermediate momentum estimates. Finally we have to estimate L2[ψ2].
We start with
(3.22) L2[ψ2] ≥ (Tψ2, ψ2) + (λ0 − γ
2
)(V ψ2, ψ2)− κcL((1 + |x|)−2−δψ2, ψ2)
with κ < γ/16.
Using estimates similar to (3.10,3.11), we get for an arbitrary ǫ > 0, and some
C0(ǫ) (provided α is sufficiently small),
(3.23)
(Tψ2, ψ2) ≥ −(1− ǫ)(∆xψ2, ψ2) + (1− ǫ)(Hf , ψ2, ψ2)− C0(ǫ)α||ψ2||2 + E0||ψ2||2,
(here we used the fact that E0 ≤ Cα for small α and some constant C independent
of α).
We first assume
(3.24) (Hfψ2, ψ2) ≥ C0(ǫ)α||ψ2||2 1
1− ǫ .
In this case
L2[ψ2] ≥ E0||ψ2||2 − (1− ǫ)(∆xψ2, ψ2) + (λ0 − γ2 )(V ψ2, ψ2)
−κcL((1 + |x|)−2−δψ2, ψ2) ≥ E0||ψ2||2,(3.25)
provided ǫ < γ/(4λ0).
To complete the proof of the theorem it suffices to consider the case,
(3.26) (Hfψ2, ψ2) ≤ C0(ǫ)α||ψ2||2 1
1− ǫ .
Notice that (Hfψ2, ψ2) ≥ (|Pf |ψ2, ψ2) and
∇2x = p2e = (P − Pf )2 = |P |2 − 2PPf + |Pf |2 ≥ |P |2 − 2|P ||Pf |.
On the support of ψ2, α
q ≤ |P | ≤ P0. Thus
−(1− ǫ)(∆xψ2, ψ2)− C0(ǫ)α||ψ2||2 ≥
≥ (1− ǫ)(|P |2ψ2, ψ2)− 2(1− ǫ)(|P ||Pf |ψ2, ψ2)− C0(ǫ)α||ψ2||2 ≥
≥ (1− ǫ)(|P |2ψ2, ψ2)− 2(1− ǫ)P0(Hfψ2, ψ2)− C0(ǫ)α||ψ2||2 ≥
≥ (1− ǫ)(|P |2ψ2, ψ2)− Cα||ψ2||2,(3.27)
with some constant C independent of α. Combining the last estimate with (3.25)
we arrive at
L2[ψ2] ≥ (1 − ǫ)(|P |2ψ2, ψ2)− Cα||ψ2||2 + E0||ψ2||2
+(λ0 − γ2 )(V ψ2, ψ2)− κcL((1 + |x|)−2−δψ2, ψ2).(3.28)
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Proceeding as in the estimates for large momenta, we introduce relative coor-
dinates for photons. Let ψ˜2 be ψ2 written in these coordinates. Then,
L2[ψ2] = (1− ǫ)(|P |2ψ˜2, ψ˜2)− Cα||ψ˜2||2 + E0||ψ2||2 +
(λ0 − γ2 )(V ψ˜2, ψ˜2)− κcL((1 + |x|)−2−δψ˜2, ψ˜2).(3.29)
Recall that
− γ
4λ0
(|P |2ψ˜2, ψ˜2)− κcL((1 + |x|)−2−δψ˜2, ψ˜2) ≥ 0,
and
L2[ψ2] ≥ (1− ǫ− γ4λ0 )(|P |2ψ˜2, ψ˜2)− Cα||ψ˜2||2 +
+E0||ψ2||2 + (λ0 − γ2 )(V ψ˜2, ψ˜2).(3.30)
Due to the condition |P | > αq, with q < 1/2, for small α we have
γ
8λ0
(|P |2ψ˜2, ψ˜2) ≥ γ
8λ0
α2q||ψ˜2||2 > Cα||ψ˜2||2.
To complete the proof of the theorem it suffices now to notice that
(1− ǫ− 3
8λ0
γ)(|P |2ψ˜2, ψ˜2) + (λ0 − γ
2
)(V ψ˜2, ψ˜2) ≥ 0,
for ǫ < γ/(8λ0).
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